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Abstract: We consider the T T¯ deformation of two dimensional Yang–Mills theory on
general curved backgrounds. We compute the deformed partition function through an integral
transformation over frame fields weighted by a Gaussian kernel. We show that this partition
function satisfies a flow equation which has been derived previously in the literature, which
now holds on general backgrounds. We connect ambiguities associated to first derivative
terms in the flow equation to the normalization of the functional integral over frame fields.
We then compute the entanglement entropy for a general state in the theory. The connection
to the string theoretic description of the theory is also investigated.
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1 Introduction
The T T¯ deformation, introduced in [1],[2], is a solvable irrelevant operator deformation of
quantum field theories in two dimensions. The deforming operator is defined by the coinci-
dence limit of the following bi-local operator formed from the energy momentum tensor:
T T¯ (x) ≡ lim
y→x
ǫαβǫµνTµα(x)Tνβ(y). (1.1)
It was shown in [3] that this coincidence limit defines a local operator up to total derivatives.
Upon deforming a quantum field theory by such an operator, the result is a one-parameter
family of quantum field theories whose partition functions Z solve the following flow equation
∂µZ =
∫
x
〈T T¯ (x)〉Z, (1.2)
provided the initial condition
Z|µ=0 = Z0, (1.3)
where Z0 is the partition function of the undeformed theory.
With this definition of the deformation, we can in principle discuss the T T¯ flow of theo-
ries living on general curved backgrounds, for which the expectation value of the deforming
operator is given by the following expression:
〈T T¯ (x)〉 = lim
x→y
1
Z[g]
ǫαβǫµν√
g(x)
√
g(y)
δ2Z[g]
δgµα(x)δgνβ(y)
. (1.4)
In practice, it isn’t guaranteed that the quantity above is computable, so one must seek
specific contexts wherein it is. One such context is the classical limit of the theory under
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consideration, and this was the method used in [4] to obtain the deformation of various
classical Lagrangians.
When the undeformed theory is a conformal field theory (CFT), the T T¯ flow coincides
with a renormalization group flow. Given that the operator of interest is irrelevant, it triggers
a flow from the CFT in the infrared (IR) to some other theory in the ultraviolet (UV). The
RG flow essentially runs backwards from that deformed theory to the CFT along the UV
critical surface.
In [5], it was argued that the T T¯ deformation of holographic conformal field theories are
the field theory dual to gravity in AdS3 with a finite radial cutoff surface. This proposal has
undergone many checks ([6], [7], [8], and references therein). There have also been higher di-
mensional generalizations, which were proposed and studied in [9],[10], and [11]. Additionally,
the authors of [12] have studied the generalization of this deformation in quantum mechanics.
The supersymmetric generalization of such an operator has been studied in [13], [14], [15],
[16], [17] and [18].
From another point of view, one can define the theory on a cutoff surface of AdS3 as one
whose partition functions solves the bulk radial Wheeler-de Witt (WdW) equation. Based
on this intuition, an integral transformation was found in [19] that relates the CFT partition
function with a solution to the radial WdW equation. This relation between the T T¯ defor-
mation and solutions to the WdW equation was also speculated in [20]. The prescription is
to integrate over the dyads of the space on which the undeformed theory lives with a certain
Gaussian kernel in order to obtain this wavefunction. In equations it reads:
Z[f ] =
∫
De exp
[
− 1
µ
∫
ǫαβǫab(e− f)aα(e− f)bβ
]
Z0[e] . (1.5)
Here, faµ is the dyad, or frame field, associated to the geometry on which the T T¯ deformed
theory lives, while eaµ is the dyad on the geometry the undeformed theory inhabits.
The connection between this transformation and the T T¯ deformation was proposed in [5].
This perspective was further elucidated in [21], where it was noted that the action appearing
in the exponent of (1.5) is that of ghost free massive gravity in two dimensions. As such,
massive gravity can be coupled to a quantum field theory without conformal symmetry. In
particular we will apply it to two dimensional Yang–Mills with gauge group U(N), whose
partition function has particularly simple dependence on the background geometry. In doing
so, we shall obtain a deformed partition function on an arbitrary curved background, where
the Hamiltonian we infer of the deformed theory is identical to the one obtained from the
classical analysis of [22]. On the other hand, we will see what subtleties accompany the use
of this method of defining T T¯ deformed theories.
We should mention that this is indeed similar to the prescription of [23],[24], where
it was argued that the T T¯ deformation arises from coupling the undeformed theory to a
particular dilaton-gravity theory in two dimensions known as Jackiw–Teitelboim gravity. This
perspective allowed the authors of these articles to derive the CDD phases, which encode the
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deformation of the S-Matrix, as well as the torus partition function. The precise connection
between these approaches is covered in [25].
Comparison to earlier work
The deformed Lagrangian and Hamiltonian densities for two dimensional Yang–Mills theory
were first presented in [22]. These authors argued that the effect of the T T¯ deformation could
then be incorporated via a simple redefinition of the quadratic Casimir eigenvalues. They
also constructed a flow equation for the deformed partition function written in terms of area
derivatives, which matches with that of [26] for the case of the torus. [27] expanded upon this
work by studying the deformed partition function for the case of YM2 on the two-sphere. By
performing the large N analysis, they determined that the Douglas–Kazakov phase transition
induced by unstable instantons persists in the deformed theory for a range of deformation
parameter values.
Here, in section 2, we present another means of deriving the deformed partition function
which matches with the result of [22] and [27]. Thanks to the Gaussian nature of the integral
in Eq. (1.5), it can be performed exactly to obtain a result valid on a general background,
provided an appropriate choice of measure for the path integration. This allows us to gen-
eralise the above results to arbitrary, possibly curved manifolds. Another advantage of our
approach is that it provides a way to obtain the deformed Hamiltonian, previously obtained
via classical analysis, directly in the quantum theory.
We then derive a flow equation satisfied by the partition function on a general background,
which matches that obtained in [26] when specialised to the case of the torus. It turns out
that the integral kernel definition offers an interesting perspective on the presence of contact
terms appearing in the generalised flow equation, which we comment on. Specifically, we
make concrete the connection between operator ordering ambiguities in the flow equation
and the choice of normalisation in the integral transform method.
To be clear, the assumption made here is that the deformation of the Hamiltonian that
the classical analysis of [22] provides indeed retains its form even in the quantum theory
on a general background. At this point, there aren’t any complementary methods to check
whether this is the case other than on the torus or the cylinder.
Then, in section 3, we use our result to explore further YM2 phenomena and determine
how they are altered in the T T¯ deformed theory. In particular, we look at the effect of the
deformation on the string theoretic interpretation of YM2, an analysis of which is currently
lacking in the literature. As argued by [28], YM2 admits an effective string description
in the large N regime. We determine to what extent this description remains valid in the
deformed theory. Finally, we use our main result of the deformed partition function on general
background to compute entanglement entropy for an arbitrary state. We then specialise to
the case of the Hartle–Hawking vacuum state in order to compare with entanglement entropy
calculations for the undeformed theory in the existing literature [29] [30].
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2 2D Yang Mills
In order to demonstrate the applicability of the integral kernel definition of T T¯ to general
quantum field theories, we consider as a test case 2-dimensional Yang–Mills theory (YM2).
There are a number of reasons as to why YM2 is ideal for these purposes. On one hand, it’s
tractable. The theory is semi-topological, depending only on the total area of the background
manifold and the Euler characteristic characterizing its topology. This allows it to be solved
exactly by topological field theory methods. Another consequence is that it has no local
degrees of freedom. This renders it UV finite, so divergences are not an issue. Nevertheless,
it has a number of interesting non-trivial features. For one, YM2 admits a string theory
interpretation in the large N limit [28]. When the background manifold is a sphere, it
also exhibits a (third order) phase transition induced by unstable instantons [31]. Most
importantly for our purposes, the partition function of YM2 in representation basis has a
very simple exponential dependence on the area. When written in the Vielbein formalism, it
is quadratic in these frame fields. As such, the integral in Eq. (1.5) is Gaussian and may be
evaluated exactly, provided the appropriate measure for the path integration over zweibeins
is chosen.
2.1 T T¯ deforming ZYM
For Yang–Mills theory living on a 2-dimensional manifold M of Euler characteristic χ, the
partition function ZYM admits the following group theory expansion [32]:
ZYM =
∑
R
(dimR)χ e−λC22N A . (2.1)
Here, the sum runs over all equivalence classes of irreducible representations R of the gauge
group, which we will take to be U(N). C2(R) is the quadratic Casimir eigenvalue associated
with R, λ is the dimensionful ’t Hooft coupling λ = g2YMN , and A is the total area ofM. To
make contact with the form of the kernel, which is expressed in terms of zweibeins, we will
write the area as an integral over the 2D volume 2-form, A =
∫
f , where f ≡ det faα = f+∧f−.
Because it is quadratic in the frame fields, the YM2 partition function presents a scenario
for which the Gaussian integral involved in the kernel definition can be computed exactly.
Of course, this relies on choosing a measure on the space of zweibeins that respects both the
linearity property, i.e.
De = D(e+ f) , (2.2)
and diffeomorphism invariance. As explained in Appendix A of [21], such a measure can
indeed be found, and it is defined with respect to the following supermetric on the space of
zweibeins:
δs2 = −
∫
d2xǫµνǫabδe
a
µ(x)δe
b
ν(x) = −2
∫
d2xdet
[
δeaµ(x)
]
. (2.3)
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Having chosen this measure, from eq. (1.5), we can then obtain the T T¯ deformed partition
function Z:
Z[f ] =
∫
DeK[e, f ]Z0[e]
=
∑
R
(dimR)χ
∫
De e− 1µ
∫
(e−f)+∧(e−f)−e−
λC2
2N
∫
e+∧e−
=
∑
R
(dimR)χNR
√
µπ
1 + µλC2/2N
e
−
λ
2N
(
C2
1+µλC2/2N
) ∫
f+∧f−
,
(2.4)
where NR is a normalisation constant coming from our agnosticism regarding the functional
measure. Note that since we are doing one Gaussian integral per representation, this constant
could possibly depend on the quadratic Casimir C2(R), in addition to depending on µ. We
will see that it is important to be able to fix the normalization separately for each Gaussian
integral.
In agreement with the claims of [22], we see that the quadratic Casimir eigenvalues are
indeed dressed by the deformation as:
C2 → C2
1 + µλC2/2N
. (2.5)
In order to normalise Z[f ], we look at the topological limit. In a topological theory, the
energy-momentum tensor should vanish, such that the action of the T T¯ deformation is trivial.
We will thus fix NR by requiring that the integral transform of the topological theory yields
the undeformed topological theory, Z0[A = 0]
T T¯−→ Z = Z0[A = 0]. This instructs us to set:
NR =
√
1 + µλC2/2N
µπ
. (2.6)
Then the T T¯ deformed partition function for YM2 living on arbitrary manifold is:
Z =
∑
R
(dimR)χ e−
λA
2N
(
C2
1+µλC2/2N
)
. (2.7)
This result is in agreement with existing literature. The classical analysis of [22] found
that the Hamiltonian density of T T¯ deformed YM2 is given by:
H = H0
1 + µH0 =
λC2/2N
1 + µλC2/2N
, (2.8)
from which they argued that the effect of the T T¯ deformation should be incorporated via a
redefinition of the quadratic Casimir eigenvalues:
C2(R)→ C2(R)
1 + µλC2(R)/2N . (2.9)
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Replacing the Casimir eigenvalues in Eq. (2.1) with the dressed versions indeed yields Eq. (2.7).
Note that the T T¯ deformation of YM2 is invariant under area preserving diffeomorphisms,
just like the undeformed theory. This fact will pay dividends in our computation of the
entanglement entropy in section 3.1.
As another consistency check, the T T¯ deformed partition function Eq. (2.7) can be shown
to satisfy the flow equation:
∂µZ = A∂
2
AZ , (2.10)
first derived by Cardy in [26] for the special case of flat background geometry. To see why
our deformed partition function on arbitrary manifold satisfies the flat-space Cardy result, we
now turn to a derivation of the flow equation for generalised background geometry. We will
find that the presence of contact terms in this generalised flow equation, reflecting operator
ordering ambiguities, has an intimate connection with the choice of normalization in the
integral transform method.
2.2 Flow Equation
As mentioned before, the method used in most studies of the T T¯ deformation of quantum field
theories is to obtain quantities such as the partition function from solving a flow equation.
In this section, we will see how this is in fact equivalent to the method described above by
deriving the flow equation that the deformed partition function defined in Eq. (1.5) satisfies.
First, a note of caution: the flow equation we describe here should not be seen as a
renormalization group flow equation. Instead, it is an equation describing the response of
the partition function to tuning the coupling of one irrelevant operator in the theory. The
full renormalization group flow equation, or Callan–Symanzik equation, would encode the
dependence of the theory on all scales that are present. In our case of interest, the undeformed
partition function depends only on the area, Z0[A(e)] = Z0[A]. By applying the integral
transform, we know now that the deformed partition function also depends only on the area,
Z[A(f)] = Z[A]. We now take our final result Eq. (2.7), and ask what flow equation it satisfies.
We find this to be:
∂µZ = A∂
2
AZ. (2.11)
Note that the form of this equation was sensitive to our choice of the normalization
constants NR. It is also sensitive to the fact that we choose them separately for each integral.
For instance, if we had chosen the same normalization constant for every Gaussian integral–
say N = 1/√πµ, for example–then we would have obtained the partition function:
Z ′ =
∑
R
(dimR)χ√
1 + µλC22N
e
−
λA
2N
(
C2
1+µλC2/2N
)
, (2.12)
which satisfies the flow equation:
∂µZ
′ = A∂2AZ
′ +
1
2
∂AZ
′. (2.13)
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The extra first derivative term on the right hand side comes form an alternative ordering
prescription for the second area derivative term. In particular,
A∂2AZ
′ +
1
2
∂AZ
′ =
√
A∂A(
√
A∂AZ
′). (2.14)
This is entirely analogous to the problem of finding a quantization for a phase space function
of the form xp2 in some mechanical system.
In all, we see that the ordering ambiguity in the flow equation language is intimately
tied to the choice of normalization when using the integral transformation (1.5) to define the
deformed partition function.
3 Entanglement Entropy and the String Expansion
Our result for the deformed partition function on a general background gives us a starting
point to explore a number of YM2 related phenomena under the T T¯ deformation. We begin
by computing entanglement entropy for the theory in a general state. Then, specialising to
the case of the theory on a sphere, we make contact with existing calculations of entanglement
entropy for the Hartle–Hawking state of the undeformed theory in the literature. YM2 also
admits a string theoretic description in the large N limit, which is particularly well understood
for the case that the background manifold is a sphere. We can then ask whether some
semblance of this picture survives in the deformed theory. The sphere partition function will
serve as a starting point for this analysis.
3.1 Entanglement Entropy
By making use of the replica trick, we can obtain the entanglement entropy in deformed 2-
dimensional Yang–Mills theory directly from Eq. (2.7). Further, due to the simple dependence
on area and on the Euler characteristic of the background manifold, we can actually obtain
a general expression valid for any state of the theory. Only at the end will we specialise to
the Hartle–Hawking vacuum state, for which some results are already known in the case of
undeformed YM2.
To set the stage for the entanglement entropy calculation, we will take our theory to be
in some arbitrary state |Ψ〉. Now, we spatially partition
The system into a region of interest A and its complement A¯. Curiously, because the
T T¯ deformation of YM2 is still invariant under area preserving diffeomorphisms, it does not
actually matter here how we choose to partition our system. To A, we can associate a reduced
density matrix ρA = TrA¯ |Ψ〉〈Ψ| obtained by tracing over the degrees of freedom in A¯. Then
we can quantify the amount of entanglement between A and the rest of the system via an
application of the von Neumann entropy formula. This gives the entanglement entropy:
SA = −TrA ρA log ρA . (3.1)
In practice, computing SA directly from Eq. (3.1) is impossible in all but the most trivial
cases, since it involves taking the logarithm of an operator in a potentially infinite system.
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Instead, we will arrive at SA in a slightly more circuitous manner. The key observation is
that Eq. (3.1) can be written equivalently as:
SA = −∂n (Tr ρnA) |n=1 . (3.2)
At first, this might not seem to be a simplification; after all, now we’re tasked with computing
moments of the reduced density matrix. Luckily, though, the replica trick gives us a way to
do just that (see [33] for a review). More precisely, it gives us a way to relate the trace of ρn
A
to the partition function on a replicated manifold.
The replica trick instructs us to first take our spacetime of interest, the background
manifoldM, and to replicate it such that there are n total copies. For each copy, we partition
into subsystems A and A¯ by making a cut along A. We will denote the upper boundary of
the cut on the ith copy as A+i and the lower boundary as A−i . The replicated manifold Mn
can then be constructed by “glueing” the n-sheets together cyclically along the cuts. That is,
we identify A+i−1 ↔ A−i , A+i ↔ A−i+1, etc. The resultant manifoldMn is the n-fold branched
cover over M.
On each copy of the background M, we compute the reduced density matrix ρA via
(Euclidean) path integral. The glueing operation by which we constructMn is then morally
equivalent to taking the trace over the n copies of ρA. This can equivalently be seen as
computing the partition function Zn on the n-fold cover Mn (up to normalisation). The
formal result is that:
Tr ρnA =
Zn
(Z1)n
, (3.3)
where Z1 is the partition function of the original theory on M.
The one missing ingredient is the deformed partition function on the n-fold cover, Zn.
This is easy enough to obtain since Eq. (2.7) depends only on the total area and Euler char-
acteristic. On Mn, these quantities are given by [29]:
An = An , (3.4a)
χn = 2n+ 2(1 − n)m, (3.4b)
where A is the total area of a single copy of the replicated manifold and m is the number
of partitions into which we’ve subdivided our system. Here, m = 1, so we simply have
χn = 2. Finally, before applying Eq. (3.2), let us write Zn in a slightly more suggestive form
by introducing the (normalised) probability distribution for the representations:
P (R) = 1
Z1
(dimR)χe−
λC2/2N
1+µλC2/2N
A
. (3.5)
In terms of P (R), we have:
Zn =
∑
R
(dimR)2e−
λC2/2N
1+µλC2/2N
An
=
∑
R
(dimR)2−nχ(Z1)nP (R)n . (3.6)
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Then applying Eq. (3.2) gives:
SA = −∂n
(
Zn
(Z1)n
) ∣∣∣∣
n=1
= −∂n
(∑
R
(dimR)2−nχP (R)n
)∣∣∣∣
n=1
=
∑
R
P (R)(dimR)2−χ [χ log(dimR)− log P (R)] .
(3.7)
Again, because YM2 is semi-topological, the actual bipartition into A and A¯ is im-
material. We can then say that the entanglement entropy of T T¯ deformed 2-dimensional
Yang–Mills in a completely arbitrary state |Ψ〉 is:
S =
∑
R
P (R)(dimR)2−χ [χ log(dimR)− log P (R)] , (3.8)
with the probability distribution of representations P (R) given by Eq. (3.5).
Now to make contact with existing results in the literature, let us restrict to the case that
the background manifold is the two-sphere S2, for which χ = 2. Slicing the sphere in angular
time and taking the path integral over this hemisphere geometry gives the Hartle–Hawking
vacuum state |HH〉. The corresponding entanglement entropy for T T¯ deformed YM2 in this
state is:
SHH =
∑
R
[2P (R) log(dimR)− P (R) log P (R)] , (3.9)
where again, P (R) is given by Eq. (3.5) with χ = 2. Meanwhile, for the undeformed theory,
entanglement entropy in the Hartle–Hawking state is given by [29] [30]:
(S0)HH =
∑
R
[2P0(R) log(dimR)− P0(R) log P0(R)] , (3.10)
where now
P0 =
1
(Z0)1
(dimR)2e−λC22N A , (3.11)
is the probability distribution of representations in the undeformed theory. We see that
Eqs. (3.9) and (3.10) take the same structural form. To understand why this is, we need to
first understand the origin of the terms in these formulae.
In both expressions for SHH , the second term, −
∑
R
P (R) log P (R), is essentially the
classical entropy. The only local observables one can measure in YM2 are gauge invariant
functions of the (non-Abelian) electric field Ea(x). The Gauss law constraint sets Ea(x) to
be constant over the whole circle, so measurements of local observables constructed out of Ea
made in region A are always going to be correlated with those made in A¯. This is another way
to understand why the manner in which we partitioned the circle into A and A¯ didn’t matter.
Since the measurements are always correlated, tracing over A¯ should introduce no additional
uncertainty. One would then expect that the only contribution to the entropy would be the
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statistical entropy coming from the classical uncertainty in the outcome of measurements of
electric field observables.
There is another source of entropy, though, as evidenced by the first term in Eqs. (3.9) and
(3.10). This term comes from counting “edge modes”–additional degrees of freedom coming
from states at the endpoints which transform non-trivially under gauge. Each of the two
endpoints of region A contributes a factor log(dimR), leading to the 2∑
R
P (R) log(dimR)
term in entanglement entropy.
Note that aside from these edge mode terms, there are no terms in the entanglement
entropy coming from local degrees of freedom. In fact, even in the original undeformed theory,
entanglement entropy was already finite. This lack of UV divergences makes sense, given that
YM2 has no local degrees of freedom. In this sense, the effect of T T¯ on entanglement entropy
is somewhat obscured by the triviality of our theory. The deformation has been argued to act
as an effective UV cutoff, rendering quantities like entanglement entropy finite. In the context
of the T T¯ deformation of large c conformal field theories, this was shown to be the case in [8].
This result was further generalized in [34] and a similar effect is seen in higher dimensional
generalizations [35]. For YM2, which is already UV finite, the effect of the deformation on
entanglement entropy is then minimal. Eqs. (3.9) and (3.10) maintain the same structural
form, including terms coming from classical statistical entropy as well as entropy associated
with counting edge modes. The only difference is that the probability distributions associated
with the irreducible representations R are shifted due to the deformation’s dressing of the
Casimir eigenvalues.
3.2 Fate of the string picture
One aspect of 2-dimensional Yang–Mills which makes it an exceptionally interesting theory
in spite of its lack of local degrees of freedom and semi-topological nature is the fact that
it admits a dual string interpretation. As first shown by Gross and Taylor [28], YM2 is a
string theory in the large N limit. More precisely, expanding the partition function in a
power series in 1/N results in an expression whose coefficients match order-by-order with
those expected from a sum over maps from a 2D covering space Σ to a 2D target space M,
each map being weighted by the Nambu-Goto action. Provided the identification of 1/N with
the string coupling gs and λ with the string tension 1/2πα
′, we have the moral equivalence:
logZYM [N,λ,A] = Zstring
[
gs =
1
N
,α′ =
1
πλ
]
. (3.12)
The intuitive picture is that we have a closed string worldsheet Σ wrapping n times around
the manifoldM. Branch points on Σ correspond to interactions where strings can either split
apart or join together. In addition to these elementary branch point singularities, manifolds
with non-vanishing χ also admit so-called Ω and Ω−1 point singularities, the number of which
is fixed by the Euler characteristic of M. Only recently have these singularities been given
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an interpretation1 in the context of the string picture [36]. In the case of the two-sphere
M = S2, for which χ = 2 and there are two Ω points, the interpretation is particularly nice.
This is the case to which we’ll restrict our analysis.
For a single chiral sector2 of YM2 living on S
2, the partition function can be expanded
in string basis as [37]:
ZYM =
∑
n
1
n!
∑
k
1
k!
(
−nλA
2
)k∑
r
(−1)r
r!
(
λA
N
)r ∑
σ∈Sn
∑
p1...pr∈T2
NKσNKp1...prσ . (3.13)
As promised, we are summing over an n-sheeted covering, with the 1/n! accounting for
redundancy in summing over homomorphisms differing only by a trivial relabeling. The∑
k
1
k!
(−nλA2 )k = exp(−nλA/2) is the Nambu-Goto action of the string worldsheet wrapping
n times about the sphere and describes the “free” part of the theory. Specifically, nA is the
area of the string worldsheet with no foldings, and λ is proportional to the string tension.
The r string interactions are encoded in
∑
r
(−1)r
r!
(
λA
N
)r
. Here, the 1/r! accounts for the
indistinguishability of the interactions, a factor of the string coupling 1/N = gs accompanies
each interaction, and λA is a “modulus factor” obtained from integrating over all possible
places where an interaction could take place3. Finally, NKσ accounts for the Kσ closed strings
in the initial state |σ〉 emitted from one Ω point, while NKp1...prσ accounts for the Kp1...prσ
closed strings in the final state |p1...prσ〉 absorbed at the other Ω point. We sum over all
permutations σ ∈ Sn for the initial state as well as all sequences of transpositions p1...pr ∈ T2
leading to the final state.
The overall picture, then, is that we have the following evolution in Euclidean time:
An initial state |σ〉 of Kσ closed strings is emitted from one Ω point. The strings undergo r
interactions which locally cut and re-glue them, acting as a series of transpositions p1p2...pr ≡
p ∈ T2 which take |σ〉 → |pσ〉. The interactions may change individual winding numbers, but
preserve total winding number. The resultant final state |pσ〉 of Kpσ strings is absorbed at
the other Ω point.
A natural question would be what happens to this string picture upon deforming the
theory with T T¯ . After all, it has been shown that deforming a theory of free massless bosons
with T T¯ results in the Nambu-Goto action in static gauge [2]. In this result as well as in
other contexts (e.g., [6], [24], [38]), it has become apparent that deforming QFTs with T T¯
results in theories which are in a sense non-local. It would then be interesting to see what
happens starting from a theory of strings.
There are actually two convenient ways to go about obtaining the string expansion of
the T T¯ deformed partition function. One would be to start from the undeformed partition
1The authors of [36] have argued that Ω and Ω−1 points are related to positive and negative index singu-
larities, respectively, of the modular flow.
2The closed string Hilbert space H is a subspace of the tensor product of chiral and anti-chiral sectors
H+ ⊗H−. These correspond to strings winding in opposite directions.
3The (−1)r factor is thought to relate to the fermionic nature of interaction points [37], but a precise
identification remains unclear.
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function in string basis and apply the kernel integral transform. While computationally
simple, the resultant combinatorics make interpreting the expression rather difficult. On the
other hand, given that we can identify the form of the deformed Hamiltonian density based
on the transformation of the quadratic Casimirs under the deformation,
H0 →H = H0
1 + µH0 =
(λ/2N)Cˆ2
1 + (µλ/2N)Cˆ2
, (3.14)
we could also obtain Z as the Euclidean evolution between initial and final states inserted at
the Ω points:
Z = 〈Ω|e−βH|Ω〉
=
〈
Ω
∣∣∣∣e− (λA/2N)Cˆ21+(µλ/2N)Cˆ2
∣∣∣∣Ω
〉
=
∑
k
(−1)k
k!
(
λA
2N
)k∑
ℓ
(−1)ℓ
ℓ!
(
µλ
2N
)ℓ (k + ℓ− 1)!
(k − 1)! 〈Ω|Cˆ
k+ℓ
2 |Ω〉 .
(3.15)
In order to evaluate the matrix element, we note that the state |Ω〉 may be written in
string basis4 as:
|Ω〉 =
∑
n
1
n!
∑
σ∈Sn
NKσ |σ〉 , (3.16)
with σ a permutation in the symmetric group Sn and Kσ the number of closed strings in the
initial state |σ〉. Meanwhile, the quadratic Casimir operator can be decomposed in terms of
“free” and “interacting” parts: Cˆ2 = Nn+2Cˆint. The leading term counts the total winding
number n while the interaction term implements a transposition p ∈ T2, with the factor of 2
accounting for double counting. That is,
Cˆ2 |σ〉 = Nn |σ〉+ 2
∑
p∈T2
|pσ〉 . (3.17)
Then, making use of the fact that the inner product is 〈Ω|σ〉 = NKσ , we have:
〈Ω|Cˆ2|Ω〉 =
∑
n
1
n!
∑
σ∈Sn
NKσ 〈Ω|Cˆk+ℓ2 |σ〉
=
∑
n
1
n!
∑
σ∈Sn
NKσ
k∑
r=0
k!
r!(k − r)!(Nn)
k−r
ℓ∑
s=0
ℓ!
s!(ℓ− s)!(Nn)
ℓ−s2r+s 〈Ω|Cˆr+sint |σ〉
=
∑
n
1
n!
∑
σ∈Sn
NKσ
k∑
r=0
k!
r!(k − r)!(Nn)
k−r
ℓ∑
s=0
ℓ!
s!(ℓ− s)!(Nn)
ℓ−s2r+s
∑
p1...pr+s∈T2
NKp1...pr+sσ .
(3.18)
4In the representation basis, |Ω〉 =
∑
R
dimR |R〉. The bases are related by the Frobenius relation |R〉 =
∑
σ∈Sn
χR(σ)/n! |σ〉, where χR(σ) is the character of the permutation group associated to representation R.
See [37] for more technical details.
– 12 –
Plugging into Eq. (3.15) and regrouping terms, we arrive at the following expression for the
string basis expansion of the T T¯ deformed partition function:
Z =
∑
n
1
n!
∑
k
1
k!
(
−nλA
2
)k∑
r
(−1)r
r!
(
λA
N
)r∑
ℓ
1
ℓ!
(
−nλµ
2
)ℓ∑
s
(−1)s
s!
(
λµ
N
)s
(k + r + ℓ+ s− 1)!
(k + r − 1)!
∑
σ∈Sn
∑
p1...pr+s∈T2
NKσNKp1...pr+sσ .
(3.19)
The overall form of Eq. (3.19) bears a structural resemblance to its undeformed counter-
part Eq. (3.13). Nevertheless, the interpretation of this expression is problematic. The 1/N
expansion can still be interpreted as a sum over maps from an n-sheeted covering space Σ
to a target space M, however the weighting of these maps is a lot more complicated. In the
undeformed theory, each map was simply weighted by the (free) Nambu-Goto action. The re-
maining terms in the expansion were then interpreted as string interactions. After deforming
the theory with T T¯ , though, there is a non-trivial coupling between the “free” and “inter-
acting” sectors. Unfortunately, this precludes a straightforward interpretation. It somewhat
looks like at each interaction site indexed by r, at which strings can split and rejoin, there is
the possibility for a second kind of sub-interaction, indexed by s. This sub-interaction would
also allow for strings to split and rejoin, but would occur over an area with scale set by µ.
This picture is tenuous, however, and we leave the precise interpretation of this expression
and the fate of the string picture to future investigation.
4 Discussion
In this article, we have advocated for Eq. (1.5) as an alternative definition for the action of the
T T¯ deformation which should apply for any 2-dimensional quantum field theory on general
background.
This integral transform was first put forth in the context of holography in [19] as a means
of relating the partition function of a 2D conformal field theory with the 3D gravity bulk wave
function satisfying the radial Wheeler-DeWitt equation. It was then noted in [5] that this
integral transform looks like the T T¯ deformation for CFTs in the sense that the flow equation
usually used to define the T T¯ deformation of CFTs takes the form of the WDW equation in
three dimensions with a negative cosmological constant. These authors thus argued that via
this transform, one can obtain the T T¯ deformed QFT partition function ZQFT [f ] from that
of an undeformed CFT ZCFT [e].
Motivated by the observation that taking the µ derivative of Z[f ] as defined by Eq. (1.5)
effectively pulls down the T T¯ operator, we have proposed that this integral transform be
extended as a definition of the deformation for general 2D QFTs. That it involves an integral
over frame fields is reminiscent of the proposal in [24], which was used to obtain the torus
partition function. The precise connection between the two approaches is dealt with in more
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detail in [25]. We have supported our proposal by applying the integral transform in the test
case of 2-dimensional Yang–Mills theory, whose partition function has a very simple Gaussian
dependence on the frame fields. The resultant T T¯ deformed partition function matches that
obtained via other methods for all cases where the result was previously known, but can now
be extended to any background manifold.
Implicit in the kernel definition is an ambiguity regarding normalisation. For the test
case of YM2 investigated in this article, we chose a normalisation based on physical arguments
that the deformation should do nothing to the theory in the topological limit, for which the
stress-tensor vanishes. Consequently, the deformed partition function obeyed the standard
Cardy flow equation [26] with no first derivative term. However, in formulating a more general
flow equation for the theory on arbitrary background, we found that such terms could arise
depending on the order in which functional derivatives were taken at coincident points. This
ordering ambiguity in the flow equation formalism translates to the normalisation ambiguity
in the integral transform definition of the deformation. Further development of the kernel
method should hopefully make this connection more precise.
From Eq. (2.7), the entanglement entropy of deformed YM2 in any arbitrary state could
be computed. Specialising to the case of the Hartle–Hawking vacuum state, the entanglement
entropy Eq. (3.9) was found to take the same structural form as in the undeformed theory,
Eq. (3.10). In both, there was a term arising from classical statistical entropy as well as a
term coming from the counting of edge modes. The only difference lay in the probability
distributions associated with the irreducible representations, which were shifted due to the
deformation’s dressing of the quadratic Casimir eigenvalues. This was in a sense to be ex-
pected. The T T¯ deformation has been argued to act as an effective UV cutoff on entanglement
entropy [8]. However, YM2, being a semi-topological theory with no local degrees of freedom,
is already UV finite. Thus, it is reasonable that the deformation should have a minimal effect
on entanglement entropy.
Because the deformed Yang–Mills partition function has such a simple dependence on
the geometry, there are unfortunately not many observables which can be computed from it.
In this article, we have calculated the entanglement entropy of the deformed theory in an
arbitrary state, but it would be interesting to see what other observables one can in principle
compute. In the undeformed theory, another set of interesting observables considered are
correlation functions of Wilson loops. Perhaps such observables can be computed in the
deformed theory as well. Despite its simplicity, Yang–Mills does have a number of interesting
associated phenomena which can be re-examined under the prism of T T¯ . One of these,
the third order Douglas–Kazakov phase transition, was investigated in [27]. By performing
the large N analysis, it was found that not only does the transition persist for a range of
deformation parameter values, but the interpretation of the transition as being induced by
unstable instantons remains valid. Another interesting aspect of large N Yang–Mills which
had not yet been examined in the deformed theory was its dual interpretation as a string
theory.
Upon performing the large N string expansion of the deformed partition function, we
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arrived at Eq. (3.19). While this expression superficially looks quite similar to Eq. (3.13),
its interpretation is troubled by the factorial factor which acts to couple the “free” and
“interacting” terms of the theory. It is possible that this is simply an exotic string theory
with a very complex weighting. If we take this perspective, then it looks like we can have two
types of interactions which, while both splitting and rejoining strings, occur over two different
fundamental length scales. Or it could well be that T T¯ deformed Yang–Mills is simply no
longer a string theory. We invite the reader to investigate this question further.
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